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Abstract
A consistent interpretation of the Higgs data requires the same precision in the Higgs boson
masses and in the trilinear Higgs self-couplings, which are related through their common
origin from the Higgs potential. In this work we provide the two-loop corrections at order
O(αtαs) in the approximation of vanishing external momenta to the trilinear Higgs self-
couplings in the CP-violating Next-to-Minimal Supersymmetric extension of the Standard
Model (NMSSM). In the top/stop sector two different renormalization schemes have been
implemented, the OS and the DR scheme. The two-loop corrections to the self-couplings
are of the order of 10% in the investigated scenarios. The theoretical error, estimated both
from the variation of the renormalization scale and from the change of the top/stop sector
renormalization scheme, has been shown to be reduced due to the inclusion of the two-loop
corrections.
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1 Introduction
While the discovery of the Higgs boson by the LHC experiments ATLAS [1] and CMS [2]
certainly marked a milestone for particle physics, it also triggered a change of paradigm: The
Higgs particle, formerly target of experimental research, has become a tool in the quest for
our understanding of nature. Although the Standard Model (SM) of particle physics has been
tested at the quantum level and the discovered scalar particle behaves SM-like [3] there are
experimental and theoretical arguments to assume it to be a low-energy effective theory of a
more fundamental theory appearing at some high scale. In the absence of any direct observation
of new states the study of the Higgs boson and its properties may reveal the existence of beyond
the SM (BSM) physics. In particular, the discovered particle could be the SM-like Higgs boson
of the enlarged Higgs sector of a supersymmetric extension of the SM. Supersymmetric (SUSY)
theories [4–18] require the introduction of at least two complex Higgs doublets in order to give
masses to up- and down-type quarks and ensure an anomaly-free theory. This minimal setup is
extended by a complex singlet superfield in the Next-to-Minimal Supersymmetric extension of
the SM (NMSSM) [19–34]. After electroweak symmetry breaking (EWSB) the NMSSM Higgs
sector features seven Higgs bosons, which in the CP-conserving case are three neutral CP-even,
two neutral CP-odd and two charged Higgs bosons. In contrast to the Minimal Supersymmetric
extension (MSSM) [35–38] in the NMSSM CP-violation can occur in the Higgs sector already
at tree level. The additional sources of CP-violation in SUSY theories are interesting not only
because they clearly mark physics beyond the SM, but also because CP-violation is an important
ingredient for successful baryogenesis [39]. From a phenomenological point of view it entails a
plethora of interesting new physics (NP) scenarios not excluded by experiment yet.
In order to study NP extensions, to properly interpret the experimental data and to be able
to distinguish different BSM realizations, from the theory side we need as precise predictions
as possible not only for experimental observables1 but also for the parameters of the theory
under investigation. In the Higgs sector these are in particular the Higgs boson masses and
couplings. In the recent years there has been quite some progress in the computation of the
higher order corrections to the Higgs boson masses of both the CP-conserving and CP-violating
NMSSM. Thus in the CP-conserving NMSSM after the computation of the leading one-loop
(s)top and (s)bottom contributions [41–45] and the chargino, neutralino as well as scalar one-
loop contributions at leading logarithmic accuracy [46], the full one-loop contributions in the
DR renormalization scheme have first been provided in [47] and subsequently in [48]. In [47]
also the order O(αtαs + αbαs) corrections in the approximation of zero external momenta have
been given, and recently, first corrections beyond order O(αtαs + αbαs) have been published
in [49,50]. Our group has calculated the full one-loop corrections in the Feynman diagrammatic
approach in a mixed DR-on-shell and in a pure on-shell renormalization scheme [51]. In the CP-
violating NMSSM the contributions to the mass corrections from the third generation squark
sector, from the charged particle loops and from gauge boson contributions have been computed
in the effective potential approach at one loop-level in Refs. [52–56]. The full one-loop and loga-
rithmically enhanced two-loop effects in the renormalization group approach have subsequently
been given [57]. We have contributed with the calculation of the full one-loop corrections in
the Feynman diagrammatic approach [58] and recently provided the two-loop corrections to the
neutral NMSSM Higgs boson masses in the Feynman diagrammatic approach for zero exter-
nal momenta at the order O(αtαs) based on a mixed DR-on-shell renormalization scheme [59].
1Neutral NMSSM Higgs production through gluon fusion and bottom-quark annihilation including higher order
corrections has been discussed in [40].
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Several codes have been published for the evaluation of the NMSSM mass spectrum from a
user-defined input at a user-defined scale. The Fortran package NMSSMTools [60–62] computes
the masses and decay widths in the CP-conserving Z3-invariant NMSSM and can be interfaced
with SOFTSUSY [63, 64], which provides the mass spectrum for a CP-conserving NMSSM, also
including the possibility of Z3 violation. Recently, it has been extended to include also the
CP-violating NMSSM [65]. The spectrum of different SUSY models, including the NMSSM,
can be generated by interfacing SPheno [66,67] with SARAH [49,68–71]. This is also the case for
the recently published package FlexibleSUSY [72, 73], when interfaced with SARAH. All these
codes include the Higgs mass corrections up to two-loop order, obtained in the effective poten-
tial approach. The program package NMSSMCALC [74, 75] on the other hand, which calculates
the NMSSM Higgs masses and decay widths in the CP-conserving and CP-violating NMSSM,
provides the one-loop corrections and the O(αtαs) corrections in the full Feynman diagrammatic
approach, where the latter are obtained in the approximation of vanishing external momenta.
The Higgs self-couplings are intimately related to the Higgs boson masses via the Higgs
potential. For a consistent description therefore not only the Higgs boson masses have to be
provided at highest possible precision, but also the Higgs self-couplings need to be evaluated
at the same level of accuracy. The trilinear Higgs self-coupling enters the Higgs-to-Higgs decay
widths. These can become sizable in NMSSM Higgs sectors with light Higgs states in the
spectrum [76–78], and via the total width these decays sensitively alter the branching ratios
of these states. Also Higgs pair production processes are affected by the size of the trilinear
Higgs self-couplings [79–81]. Their determination marks a further step in our understanding of
the Higgs sector of EWSB [82–84]. We have provided the one-loop corrections to the trilinear
Higgs self-couplings for the CP-conserving NMSSM [79]. They have been calculated in the
Feynman diagrammatic approach with non-vanishing external momenta. The renormalization
scheme that has been applied is a mixture of On-Shell (OS) and DR conditions. In this paper
we present, in the framework of the CP-violating NMSSM, our computation of the dominant
two-loop corrections due to top/stop loops to the trilinear Higgs self-couplings of the neutral
NMSSM Higgs bosons. In addition, we give explicit formulae for the leading one-loop corrections
at order O(αt). We use the Feynman diagrammatic approach in the approximation of zero
external momenta and furthermore work in the gaugeless limit. We find that the determination
of the two-loop corrections reduces the error on the trilinear Higgs self-coupling due to unknown
higher order corrections and hence contributes to the effort of providing precise predictions for
NMSSM parameters and hence observables. We have furthermore expanded for this paper the
full one-loop corrections with full momentum dependence to include CP-violating effects.
The outline of the paper is as follows. In section 2 we set our notation, introduce the NMSSM
Higgs sector and present the determination of the loop-corrected effective trilinear Higgs self-
couplings. Section 3 is then dedicated to the numerical analysis. We discuss the effects of the
loop corrections on the trilinear Higgs self-couplings and the implications for Higgs-to-Higgs
decays. Section 4 contains our conclusions.
2 The effective trilinear Higgs self-couplings in the NMSSM
In this section we present the details of the calculation of the effective trilinear Higgs self-
couplings at order O(αt) and at order O(αtαs). We closely follow the convention and notation
of our paper on the Higgs mass corrections in the complex NMSSM at order O(αtαs) [59]. We
therefore repeat here only the most important definitions relevant for our calculation. We work
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in the framework of the complex NMSSM with a scale invariant superpotential and a discrete
Z3 symmetry. In terms of the two Higgs doublets Hd and Hu, and the scalar singlet S, the Higgs
potential reads,
VH = (|λS|2 +m2Hd)H∗d,iHd,i + (|λS|2 +m2Hu)H∗u,iHu,i +m2S |S|2
+
1
8
(g22 + g
2
1)(H
∗
d,iHd,i −H∗u,iHu,i)2 +
1
2
g22|H∗d,iHu,i|2 (2.1)
+| − ijλHd,iHu,j + κS2|2 +
[− ijλAλSHd,iHu,j + 1
3
κAκS
3 + h.c.
]
.
The indices of the fundamental representation of SU(2)L are denoted by i, j = 1, 2, and ij is
the totally antisymmetric tensor with 12 = 
12 = 1. The dimensionless parameters λ and κ and
the soft SUSY breaking trilinear couplings Aλ and Aκ can in general be complex. The U(1)Y
and SU(2)L gauge couplings are given by g1 and g2, respectively. In order to obtain the Higgs
boson masses, trilinear and quartic Higgs self-couplings from the Higgs potential, the Higgs
doublets and the singlet field are replaced by the expansions about their vacuum expectation
values (VEVs), vd, vu and vs,
Hd =
(
1√
2
(vd + hd + iad)
h−d
)
, Hu = e
iϕu
(
h+u
1√
2
(vu + hu + iau)
)
, S =
eiϕs√
2
(vs + hs + ias), (2.2)
where two additional phases, ϕu and ϕs, have been introduced. Note, that in order to keep
the Yukawa coupling neutral we absorb the phase ϕu into the left- and right-handed top fields,
which of course affects all couplings involving only one top quark [59].
We work in the approximation of zero external momenta and call the thus derived self-
couplings ’effective’ self-couplings. The (loop-corrected) self-couplings are automatically real
in this approach. In the interaction basis, the effective trilinear Higgs self-couplings at order
O(αtαs) can be cast into the form
Γφiφjφk = λφiφjφk + ∆
(1)λφiφjφk + ∆
(2)λφiφjφk , (2.3)
with φ = (hd, hu, hs, ad, au, as) and i, j, k = 1, . . . , 6. The first term represents the tree-level
trilinear couplings, which can directly be derived from the tree-level Higgs potential Eq. (2.1)
by taking the derivative
λφiφjφk =
∂3VH
∂φi∂φj∂φk
. (2.4)
Explicit expressions for these couplings can be found in Appendix A. The second and third terms
denote the one- and two-loop corrections to the Higgs self-couplings. They can be obtained by
either taking the derivative of the corresponding loop-corrected effective potential or by using the
Feynman diagrammatic approach in the approximation of zero external momenta. At one-loop
level we use both methods and find that the results obtained in these two different approaches
agree as expected. However, at two-loop level, for the sake of automatization of our codes we
solely employ the Feynman diagrammatic approach.2 Therefore only the latter is described in
the following.
In order to obtain the effective trilinear couplings in the mass eigenstate basis, the self-
couplings in the interaction basis have to be rotated to the mass basis by applying the rotation
2In the effective potential approach the derivatives which are taken to get the Higgs self-couplings lead to very
large intermediate expressions, that are not practical to be used for automatization.
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matrix R(l). In detail, we have,
Φ = (H1, H2, H3, H4, H5, G) , Φ
T = R(l) φT , (2.5)
where l = 1, 2 stands for the loop order and Φ for the loop-corrected mass eigenstates. These are
denoted by upper case H and ordered by ascending mass with MH1 ≤ MH2 ≤ MH3 ≤ MH4 ≤
MH5 . The neutral Goldstone boson G has been singled out. Note in particular, that the mass
eigenstates are no CP eigenstates any more since we work in the CP-violating NMSSM. In order
to be as precise as possible in the computation of the loop-corrected trilinear Higgs self-couplings
in the mass eigenstate basis, we employ the most precise rotation matrix R(l) that is available.
This means, that we rotate to the mass eigenstates Hi (i = 1, ..., 5) at two-loop order. The loop-
corrected rotation matrix R(l) is computed by the Fortran package NMSSMCALC [74,75] where the
zero momentum approximation is employed, so that the matrix is unitary. In particular, the
rotation matrix includes the complete electroweak (EW) corrections at one-loop order and the
order O(αtαs) corrections at two-loop level. For more details see [51,58,59].
The rotation matrix R(l) can be decomposed in the rotation matrix R, that rotates the
interaction eigenstates to the tree-level mass eigenstates Φ(0) ≡ (h1, h2, h3, h4, h5, G), singling
out the Goldstone boson G, and in the finite wave-function renormalization factor Z, cf. [51,79],
R(l)is = ZijRjs , i, j, s = 1, .., 6 . (2.6)
With this definition, the loop-corrected effective trilinear couplings between the Higgs bosons in
the 2-loop mass eigenstate basis are hence given by (i, i′, j, j′, k, k′ = 1, ..., 5)
ΓΦiΦjΦk = Zii′Zjj′Zkk′Γhi′hj′hk′ , (2.7)
where the couplings in the tree-level mass eigenstates Γhi′hj′hk′ are obtained from Eq. (2.3) by
rotation with R.
2.1 The order O(αt) corrections
In this subsection we present the one-loop corrections at order O(αt). Due to the large top quark
Yukawa coupling, at one-loop level the corrections from the top/stop sector are the dominant
corrections to the Higgs boson masses and self-couplings. This is in particular true for the SM-
like Higgs boson. The latter must be dominantly hu-like, inducing via the top loop a sufficiently
large coupling to the gluons, so that its rates are in accordance with the measured signal rates of
the discovered Higgs boson, which at the LHC is dominantly produced through gluon fusion. The
restriction to the order O(αt) corrections with large top/stop masses in the loops furthermore
ensures the approximation of zero external momenta to be reliable. This approximation breaks
down if the masses of the particles running in the loops are small.3 For the numerical analysis
presented in section 3 we took care to choose scenarios where all possibly involved loop particles
are sufficiently heavy so that not only the approximation of zero external momenta works well
but also the order O(α) corrections do not play a significant role. The full EW and the order
O(αt) corrections differ by less than 4% for the chosen scenarios as we explicitly verified.
In the following we give the analytic formulae for the one-loop order O(αt) corrections to
the trilinear Higgs self-couplings in the interaction basis at vanishing external momenta. These
3Scenarios with light Higgs bosons are mostly precluded as otherwise the kinematically allowed Higgs-to-Higgs
decays would lower the branching ratios of the SM-like Higgs boson into the other SM particles to values not
compatible with the experimental data any more. However, other light particles running in the loops could spoil
the validity of the zero momentum approximation.
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formulae are compact enough to be easily implemented in computer codes. In order to extract
only the O(αt) and later on the O(αtαs) corrections we neglect all D-term contributions to the
Higgs potential and to the stop mixing matrix i.e. we work in the gaugeless limit, where the
electric coupling e and the W and Z boson masses MW and MZ are taken to be zero but the
vacuum expectation value v and the weak mixing angle θW are kept finite. In this approximation,
the stop mass matrix reads
Mt˜ =
 m2Q˜3 +m2t mt
(
A∗t e−iϕu − µefftanβ
)
mt
(
Ate
iϕu − µ∗efftanβ
)
m2
t˜R
+m2t
 , (2.8)
where mt denotes the top quark mass and the effective higgsino mixing parameter
µeff =
λvse
iϕs
√
2
(2.9)
and the ratio of the two VEVs vu and vd,
tanβ =
vu
vd
, (2.10)
have been introduced. The soft SUSY breaking masses mQ˜3 and mt˜R are real, whereas the
trilinear coupling At ≡ |At| exp(iϕAt) is in general complex. The matrix is diagonalized by a
unitary matrix Ut˜, rotating the interaction states t˜L and t˜R to the mass eigenstates t˜1 and t˜2,
(t˜1, t˜2)
T = Ut˜ (t˜L, t˜R)T (2.11)
diag(m2
t˜1
,m2
t˜2
) = Ut˜ Mt˜ U†t˜ . (2.12)
The order O(αt) corrections to the trilinear Higgs self-couplings in the interaction basis are
decomposed as
∆(1)λφiφjφk = ∆
(1)λURφiφjφk + ∆
(1)λCTφiφjφk . (2.13)
The first term denotes the unrenormalized part arising from the one-loop diagrams with tops
and stops running in the loops. The explicit expressions for ∆(1)λURφiφjφk are given in Appendix B.
The contributions from the parameter counterterms are collected in the second part ∆(1)λCTφiφjφk .
Their explicit expressions in terms of the counterterms, defined in the following, are given in
Appendix C.
For the order O(αt) and and the order O(αtαs) corrections, we need to renormalize the
following set of parameters [59],4
thd , thu , ths , tad , tas ,M
2
H± , v, tanβ, |λ| , (2.14)
where tφ, φ = hd, hu, hs, ad, as denote the five independent tadpoles, MH± stands for the mass
of the charged Higgs boson and v ≈ 246 GeV is given by
v2 = v2u + v
2
d . (2.15)
4As we work in the gaugeless limit, i.e. e = 0 and MW = MZ = 0 but v 6= 0 and sin θW 6= 0, it is convenient
to choose v and sin θW in the computation of the higher order corrections, instead of MW and MZ . Note that
sin θW does not appear in the Higgs potential in the gaugeless limit. See also [59], for more details.
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In order to renormalize the parameters, they are replaced by the renormalized ones and the
corresponding counterterms as follows:
tφ → tφ + δ(1)tφ + δ(2)tφ with φ = hd, hu, hs, ad, as , (2.16)
M2H± →M2H± + δ(1)M2H± + δ(2)M2H± , (2.17)
v → v + δ(1)v + δ(2)v , (2.18)
tanβ → tanβ + δ(1)tanβ + δ(2)tanβ , (2.19)
|λ| → |λ|+ δ(1)|λ|+ δ(2)|λ| . (2.20)
Here the superscript (1) denotes the counterterms of O(αt) and the superscript (2) the coun-
terterms of O(αtαs).
In addition to the parameter renormalization, also the wave function renormalization of the
Higgs fields is needed in order to obtain a UV finite result. At O(αt) and O(αtαs), only the
Higgs doublet Hu has a non-vanishing wave function renormalization counterterm [59], which is
introduced as
Hu →
(
1 +
1
2
δ(1)ZHu +
1
2
δ(2)ZHu
)
Hu . (2.21)
The parameters are renormalized in a mixed OS-DR renormalization scheme as described in [59].
In this scheme part of the parameters, that are directly related to “physical” quantities, are
renormalized on-shell, and the remaining parameters are defined via DR conditions, as
thd , thu , ths , tad , tas ,M
2
H± , v︸ ︷︷ ︸
on-shell scheme
, tanβ, |λ|︸ ︷︷ ︸
DR scheme
. (2.22)
While it is debatable if the tadpole parameters can be called physical quantities, their introduc-
tion is motivated by physical interpretation, so that in slight abuse of the language we call their
renormalization conditions on-shell. For the wavefunction renormalization of the Higgs fields,
the DR scheme is employed. Note that this procedure is applied for both the order O(αt) and
the order O(αtαs) corrections. We do not repeat the renormalization conditions here, since they
are introduced in detail in [59]. We give, however, the explicit expressions for the counterterms
of order O(αt). For the OS renormalization constants at order O(αt) we find in D = 4 − 2
dimensions:
δ(1)v
v
=
c2W
2s2W
(
δ(1)M2Z
M2Z
− δ
(1)M2W
M2W
)
+
1
2
δ(1)M2W
M2W
(2.23)
δ(1)M2H± =
3m2t c
2
β
8pi2s2βv
2
(
A0(m
2
Q˜3
)− 2A0(m2t ) + |Ut˜12 |2A0(m2t˜1) + |Ut˜22 |
2A0(m
2
t˜2
)]
+
∣∣∣∣mt|Ut˜11 |+ |At|eiφx |Ut˜12 |+ |λ|tβvs|Ut˜12 |√2
∣∣∣∣2 B0(0,m2Q˜3 ,m2t˜1)
+
∣∣∣∣mt|Ut˜21 |+ |At|eiφx |Ut˜22 |+ |λ|tβvs|Ut˜22 |√2
∣∣∣∣2 B0(0,m2Q˜3 ,m2t˜2)) (2.24)
δ(1)thd =
3|λ|m2t vs
(√
2cβ|λ|vs − 2|At|sβcϕx
)
16
√
2pi2s2βv
(
1

+ F1
)
(2.25)
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δ(1)thu = −
3m2t
16pi2s2βv
1

[√
2|At||λ|vscβcϕx − 2sβ
(
|At|2 +m2t˜1 +m
2
t˜2
− 2m2t
)]
− 3m
2
t
16pi2s2βv
[√
2|At||λ|vscβcϕxF1 − 2sβ
(
|At|2F1 +m2t˜1 +m
2
t˜2
− 2m2t
− m2
t˜1
log
m2
t˜1
Q2
−m2
t˜2
log
m2
t˜2
Q2
+ 2m2t log
m2t
Q2
)]
(2.26)
δ(1)ths =
vcβ
vs
δ(1)thd (2.27)
δ(1)tad =
3|At||λ|m2t vssϕx
8
√
2pi2sβv
(
1

+ F1
)
(2.28)
δ(1)tas =
vcβ
vs
δ(1)tad (2.29)
with
δ(1)M2W
M2W
= − 3m
2
t
8pi2v2
1

− 3
16pi2v2
[
m2t − 2m2t log
m2t
Q2
+ |Ut˜11 |2F0(m2t˜1 ,m
2
Q˜3
) (2.30)
+|Ut˜21 |2F0(m2t˜2 ,m
2
Q˜3
)
]
δ(1)M2Z
M2Z
= − 3m
2
t
8pi2v2
1

− 3
16pi2v2
[
− 2m2t log
m2t
Q2
+ |Ut˜11 |2|Ut˜12 |2F0(m2t˜1 ,m
2
t˜2
)
]
(2.31)
and
F0(x, y) = x+ y − 2xy
x− y log
x
y
, (2.32)
F1 =
m2
t˜2
−m2
t˜1
+m2
t˜1
log
m2
t˜1
Q2
−m2
t˜2
log
m2
t˜2
Q2
m2
t˜2
−m2
t˜1
. (2.33)
And for the DR renormalization constants we get:
δ(1)ZHu =
−3m2t
8pi2v2 sin2 β
1

, δ(1)tanβ =
1
2
tanβ δ(1)ZHu , δ
(1)|λ| = −|λ|
2
δ(1)ZHu . (2.34)
Here φx = ϕu + ϕs + ϕλ + ϕAt , with ϕλ and ϕAt being the complex phase of λ, and accord-
ingly of At, has been introduced. Furthermore we use cβ ≡ cosβ etc. The functions A0
(
m2
)
and B0
(
p2,m21,m
2
2
)
denote the scalar one-point and two-point functions, respectively, in the
convention of [85], and Q is the renormalization scale.
2.2 The order O(αtαs) corrections
In order to obtain the order O(αtαs) corrections we use the Feynman diagrammatic approach
in the approximation of zero external momenta. These corrections are composed of
∆(2)λφiφjφk = ∆
(2)λURφiφjφk + ∆
(2)λCT1Lφiφjφk + ∆
(2)λCT2Lφiφjφk . (2.35)
The first part consists of the contributions from genuine two-loop diagrams. These must contain
either a gluon or gluino or a four-stop coupling in order to give a contribution of order O(αtαs).
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Some sample diagrams are presented in Fig. 1.5 In the approximation of zero external momenta
all two-loop three-point functions can be reduced to the product of two one-loop tadpoles and
to the two-loop one-point integral which are presented analytically in the literature [86–92].
Figure 1: Sample of genuine two-loop diagrams contributing to the O(αtαs) corrections to the trilinear Higgs
self-couplings between Hi, Hj and Hk (i, j, k = 1, ..., 5).
Figure 2: Some representative one-loop diagrams with one-loop counterterm insertion contributing to the O(αtαs)
corrections to the trilinear Higgs self-couplings.
The second part ∆(2)λCT1Lφiφjφk denotes the contributions arising from the one-loop diagrams
with top quarks and stops as loop particles and with one insertion of a counterterm of order
O(αs) from the top/stop sector. Some representative diagrams for this set are depicted in Fig. 2.
The parameters of the top/stop and bottom/sbottom sectors are renormalized at order O(αs).
The bottom quarks are treated as massless, so that the left- and right-handed sbottom states do
not mix and only the left-handed sbottom with a mass of mQ˜3 contributes. We choose the set of
independent parameters entering the top/stop and bottom/sbottom sector, that we renormalize,
to be given by
mt , mQ˜3 , mt˜R and At . (2.36)
Note that At is in general complex. We renormalize these parameters both in the DR and in the
OS scheme. The definition of their counterterms can be found in [59]6. According to the SUSY
Les Houches Accord (SLHA) [93,94] convention, mQ˜3 , mt˜R and At are given as DR parameters.
When we choose the OS scheme these parameters need finite shifts for the conversion into OS
parameters. In the DR scheme on the other hand, the given top pole mass must be translated
5Note that we work in the CP-violating NMSSM, so that we have trilinear couplings between all five neutral
Higgs mass eigenstates.
6Note that our OS scheme does not take into account terms proportional to .
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into a DR mass. These translations according to our conventions are described in detail in [59].
The third part consists of contributions arising from the order O(αtαs) counterterms. The
explicit expressions of ∆(2)λCT2Lφiφjφk in terms of δ
(2)tφ, δ
(2)M2H± , δ
(2)v, δ(2)tanβ, δ(2)|λ| and δ(2)ZHu are
the same as in the one-loop case after replacing the one-loop by the two-loop counterterms. The
formulae are given in Appendix C. For the exact definitions of the two-loop counterterms, we
refer the reader to [59].
Our results have been obtained in two independent calculations. For the generation of the
amplitudes we have employed FeynArts [95,96] using in one calculation a model file created by
SARAH [68–70, 97] and in the other calculation a model file based on the one presented in [98]
which has been extended by our group to the case of the NMSSM. The contraction of the
Dirac matrices was done with FeynCalc [99]. The reduction to master integrals was performed
using the program TARCER [100], which is based on a reduction algorithm developed by Tarasov
[101,102] and which is included in FeynCalc. We have applied dimensional reduction [103,104]
in the manipulation of the Dirac algebra and in the tensor reduction. In our calculation no γ5
terms appear that require a special treatment in D dimensions, so that we take γ5 to be anti-
symmetric with all other Dirac matrices. The cancellation of the single pole and double poles
has been checked. The results of the two computations are in full agreement. We furthermore
compared our results in the limit of the real MSSM with Ref. [105] where the two-loop O(αtαs)
corrections to the MSSM Higgs self-couplings were given, and we found agreement between the
two computations.
3 Numerical analysis
3.1 Scenarios
For the numerical analysis of the impact of the higher order corrections on the Higgs self-
couplings we made sure to choose scenarios that comply with the experimental constraints.
In order to find viable scenarios we performed a scan in the NMSSM parameter space. We
checked the scenarios for their accordance with the LHC Higgs data by using the programs
HiggsBounds [106–108] and HiggsSignals [109]. The programs require as inputs the effective
couplings of the Higgs bosons, normalized to the corresponding SM values, as well as the masses,
the widths and the branching ratios of the Higgs bosons. These have been obtained for the SM
and NMSSM Higgs bosons from the Fortran code NMSSMCALC [74, 75]. A remark is in order for
the loop-induced Higgs couplings to gluons and photons. The effective NMSSM Higgs boson
coupling to the gluons normalized to the corresponding coupling of a SM Higgs boson with same
mass is obtained by taking the ratio of the partial widths for the Higgs decays into gluons in the
NMSSM and the SM, respectively. The QCD corrections up to next-to-next-to-next-to leading
order in the limit of heavy quarks [110–119] and squarks [120, 121] are included. As the EW
corrections are unknown for the NMSSM Higgs boson decays, they are consistently neglected
also in the SM decay width. The loop-mediated effective Higgs coupling to the photons has
been obtained analogously. Here the NLO QCD corrections to quark and squark loops including
the full mass dependence for the quarks [113,122–127] and squarks [128] are taken into account.
The EW corrections, which are unknown for the SUSY case, are neglected also in the SM.
For the numerical analysis of the corrections to the Higgs self-couplings, we have chosen
two parameter sets that fulfill the above constraints. For both scenarios we use the SM input
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parameters [129,130]
α(MZ) = 1/128.962 , α
MS
s (MZ) = 0.1184 , MZ = 91.1876 GeV , (3.37)
MW = 80.385 GeV , mt = 173.5 GeV , m
MS
b (m
MS
b ) = 4.18 GeV .
In the numerical evaluation, however, we chose to use the running αDRs . It is obtained by
converting the αMSs , that is evaluated with the SM renormalization group equations at two-loop
order, to the DR scheme. The light quark masses, which have only a small influence on the loop
results, have been set to
mu = 2.5 MeV , md = 4.95 MeV , ms = 100 MeV and mc = 1.42 GeV . (3.38)
The remaining parameters differ in the two scenarios. Thus we have:
Scenario 1: The soft SUSY breaking masses and trilinear couplings are chosen as
mu˜R,c˜R = md˜R,s˜R = mQ˜1,2 = mL˜1,2 = me˜R,µ˜R = 3 TeV , mt˜R = 1909 GeV ,
mQ˜3 = 2764 GeV , mb˜R = 1108 GeV , mL˜3 = 472 GeV , mτ˜R = 1855 GeV ,
|Au,c,t| = 1283 GeV , |Ad,s,b| = 1020 GeV , |Ae,µ,τ | = 751 GeV , (3.39)
|M1| = 908 GeV, |M2| = 237 GeV , |M3| = 1966 GeV ,
ϕAd,s,b = ϕAe,µ,τ = ϕAu,c,t = pi , ϕM1 = ϕM2 = ϕM3 = 0 .
The remaining input parameters are given by
|λ| = 0.374 , |κ| = 0.162 , |Aκ| = 178 GeV , |µeff| = 184 GeV ,
ϕλ = ϕκ = ϕµeff = ϕu = 0 , ϕAκ = pi , tanβ = 7.52 , MH± = 1491 GeV . (3.40)
Scenario 2: For the soft SUSY breaking masses and trilinear couplings we chose
mu˜R,c˜R = md˜R,s˜R = mQ˜1,2 = mL˜1,2 = me˜R,µ˜R = 3 TeV , mt˜R = 1170 GeV ,
mQ˜3 = 1336 GeV , mb˜R = 1029 GeV , mL˜3 = 2465 GeV , mτ˜R = 301 GeV
|Au,c,t| = 1824 GeV , |Ad,s,b| = 1539 GeV , |Ae,µ,τ | = 1503 GeV , (3.41)
|M1| = 862.4 GeV, |M2| = 201.5 GeV , |M3| = 2285 GeV
ϕAd,s,b = ϕAe,µ,τ = pi , ϕAu,c,t = ϕM1 = ϕM2 = ϕM3 = 0 .
And the remaining input parameters are set as follows,
|λ| = 0.629 , |κ| = 0.208 , |Aκ| = 179.7 GeV , |µeff| = 173.7 GeV ,
ϕλ = ϕµeff = ϕu = ϕAκ = 0 , ϕκ = pi , tanβ = 4.02 , MH± = 788 GeV . (3.42)
We follow the SLHA format, which requires µeff as input parameter. The values for vs and ϕs can
then be obtained by using Eq. (2.9). In the SLHA format, the parameters λ, κ,Aκ, µeff, tanβ as
well as the soft SUSY breaking masses and trilinear couplings are understood as DR parameters
at the scale µR = Ms
7, whereas the charged Higgs mass is an OS parameter. We set the SUSY
scale Ms to
Ms =
√
mQ˜3mt˜R . (3.43)
7For tanβ this is only true, if it is read in from the block EXTPAR as done in NMSSMCALC. Otherwise it is the
DR parameter at the scale MZ .
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OS H1 H2 H3 H4 H5
mass tree [GeV] 71.14 117.49 211.12 1491 1492
main component hu hs as a hd
mass one-loop [GeV] 98.65 139.17 217.27 1490 1491
main component hs hu as a hd
mass two-loop [GeV] 94.68 125.06 217.32 1490 1491
main component hs hu as a hd
DR H1 H2 H3 H4 H5
mass tree [GeV] 71.14 117.49 211.12 1491 1492
main component hu hs as a hd
mass one-loop [GeV] 91.60 120.00 217.36 1491 1491
main component hs hu as a hd
mass two-loop [GeV] 94.41 124.24 217.33 1490 1491
main component hs hu as a hd
Table 1: Scenario 1: Masses and main components of the neutral Higgs bosons at tree and one-loop level and at
order O(αtαs) as obtained by using OS (upper) and DR (lower) renormalization in the top/stop sector.
The resulting supersymmetric particle spectrum from the thus chosen parameter values is in
accordance with present LHC searches for SUSY particles [131–145]. Note, that in the following
we will drop the subscript ’eff’ for µ. Furthermore, whenever we will use the expressions OS and
DR these refer to the renormalization in the top/stop sector.
3.2 Results for the loop-corrected self-couplings
In this and the following subsection we discuss the impact of the order O(αtαs) corrections on
the trilinear Higgs self-couplings and on Higgs-to-Higgs decay widths. We start by discussing
the results for the parameter set called scenario 1 in the previous subsection. The masses of the
Higgs bosons and their main composition in terms of singlet/doublet and scalar/pseudoscalar
components at tree level, one-loop and two-loop order are summarized in Table 1 both for the OS
and the DR renormalization in the top/stop sector. The tree-level stop masses in this scenario
are rather heavy and given by
OS : mt˜1 = 1992 GeV , mt˜2 = 2820 GeV ,
DR : mt˜1 = 1911 GeV , mt˜2 = 2768 GeV .
(3.44)
and for the DR top mass we have mDRt = 136.34 GeV. For definiteness, with respect to the mass
corrections one-loop means here and in the following that we include the full EW corrections
at non-vanishing external momenta, while at two-loop level the order O(αtαs) corrections are
computed at vanishing external momenta. As can be inferred from the table, the masses of the
three lightest scalars are substantially different, so that mixing effects due to CP-violation for
non-vanishing phases cannot be expected to be significant. The reason for choosing this scenario
are higher order corrections to the trilinear Higgs self-coupling of the SM-like Higgs boson which
are rather important for this parameter point. This boson is given by the state with the largest
hu component and a mass value around 125 GeV.
8 At tree level it is the lightest Higgs boson
8A rather large hu component is required in order to reproduce the experimentally measured production rates.
They are mainly due to gluon fusion, which is dominantly mediated by top loops for small values of tanβ.
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Figure 3: Scenario 1: Upper panels: Trilinear self-coupling of the hu interaction state (left) and the mass
eigenstate h (right) as a function of ADRt including the one-loop correction (blue/two outer lines) and also the
two-loop corrections (red/two middle lines). In the top/stop sector either the OS scheme (solid lines) or the DR
scheme (dashed lines) has been applied. Lower Panels: Absolute value of the relative deviation of the correction
using OS or DR renormalization in the top/stop sector, ∆ = |λmt(DR)HHH −λmt(OS)HHH |/λmt(DR)HHH (H = hu, h), in percent
as a function of ADRt , at one-loop (blue/upper) and two-loop (red/lower).
H1 that is mainly hu-like, and its mass thus receives large corrections which are dominantly
stemming from the top/stop sector. The large corrections shift the H1 mass above the one
of H2 so that the two Higgs bosons interchange their roles, as they are ordered by ascending
mass. At one- and two-loop level it is therefore the second lightest Higgs boson, which is hu-like.
For convenience, we denote in the following the mass eigenstate that is dominantly hu-like, by
h. Furthermore, when we perform comparisons in the interaction basis at different loop-levels,
these will be done for the hu state.
In Fig. 3 we show the dependence of the one- and two-loop corrections to the Higgs self-
coupling on the DR parameter At in the two different renormalization schemes applied in the
stop sector. The one-loop corrections have been obtained at order O(αt) for vanishing exter-
nal momenta. We explicitly verified, that the differences between the one-loop result in this
approximation and the one including the full one-loop corrections for non-vanishing momenta
at the threshold9 are below 4% for the investigated parameter points. Two-loop corrections
always refer to the order O(αtαs) corrections at vanishing external momenta. The left plot of
Fig. 3 shows the corrections to the self-coupling of hu in the interaction basis, λhuhuhu . Figure 3
(right) displays the loop-corrected self-couplings after rotation to the mass eigenstate h with
dominant hu component. The rotation to the mass eigenstates is performed with the mixing
matrix R(2) defined in Eq. (2.5) for both the one- and the two-loop curves in the plot. The mass
values and mixing matrix elements have been computed with NMSSMCALC. Note that at two-loop
order the hu dominated state is given by the second lightest Higgs boson H2, cf. Table 1. The
dependence on At is more pronounced after rotation to the mass eigenstates. Overall, however,
the size and shape of the corrections both in the interaction and in the mass eigenstates are
comparable. At the parameter point of scenario 1 the tree-level coupling λhuhuhu = 101.70 GeV
9The non-vanishing momenta at the threshold have been set to p22 = p
2
3 = m
2
h for two of the external momenta
and to p21 = 4m
2
h for the remaining one. Here mh denotes the two-loop corrected mass value of the SM-like Higgs
boson.
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Figure 4: Scenario 1: Same as Fig. 3, but now as a function of ϕDRAt .
in both renormalization schemes. In the OS scheme the one-loop correction increases it by 140%
while it is decreased by 24% to two-loop order. In the DR scheme the increase is of 74% going
from tree- to one-loop order supplemented by another increase of 9% when adding the two-loop
corrections. The reason, why the one- and two-loop corrections differ much more in the OS
scheme than in the DR scheme can be understood as follows. In the DR scheme the top quark
mass, which according to the SLHA accord is an OS parameter, has to be converted to the DR
value. Thereby, the finite counterterm to the top mass, which in the OS scheme is included at
two-loop level, is already induced at one-loop level in the value of the DR mass. In this way
some corrections of order O(αtαs), which in the OS scheme only appear at the two-loop level,
are moved to the one-loop level, cf. also [59].
The lower panels of Fig. 3 display the difference in the self-couplings when using the two
different renormalization schemes in the top/stop sector,
∆ =
|λmt(DR)HHH − λmt(OS)HHH |
λ
mt(DR)
HHH
, (3.45)
where H both refers to the hu dominated mass eigenstate h, and to the hu interaction eigenstate.
This value gives a rough estimate of the theoretical error in the Higgs self-coupling due to the
unknown higher order corrections. In the interaction eigenstate it is of order O(50%) at one-loop
level, decreasing to roughly 4% at two-loop level. In the mass eigenstate it is about 5% higher
at both loop orders. The inclusion of the two-loop corrections hence substantially decreases the
theoretical uncertainty.
Figure 4 shows the same as Fig. 3 but now as a function of the phase ϕAt . All other CP-
violating phases have been kept to zero. The figure shows that the dependence of the loop
corrections on the phase is almost negligible, as expected for radiatively induced CP-violation.
The size of the loop corrections and the remaining theoretical uncertainty are of the same order
as for the variation of At.
We now turn to the discussion of scenario 2. The masses and dominant composition of the
mass eigenstates at tree level, one- and two-loop order are summarized in Table 2. In the OS
scheme again the composition of the mass ordered states changes when going from tree level to
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OS H1 H2 H3 H4 H5
mass tree [GeV] 79.15 103.55 146.78 796.62 803.86
main component hs hu as hd a
mass one-loop [GeV] 103.45 129.15 139.83 796.53 802.94
main component hs as hu hd a
mass two-loop [GeV] 102.99 126.09 128.94 796.45 803.07
main component hs hu as hd a
DR H1 H2 H3 H4 H5
mass tree [GeV] 79.15 103.55 146.78 796.62 803.86
main component hs hu as hd a
mass one-loop [GeV] 102.80 120.52 128.80 796.36 803.09
main component hs hu as hd a
mass two-loop [GeV] 103.09 124.55 128.91 796.36 803.03
main component hs hu as hd a
Table 2: Scenario 2: Masses and main components of the neutral Higgs bosons at tree and one-loop level and at
order O(αtαs) as obtained by using OS (upper) and DR (lower) renormalization in the top/stop sector.
one-loop level and from one- to two-loop level. In contrast to scenario 1 the masses of H2 and
H3 are now much closer together, in particular after inclusion of the two-loop corrections. We
therefore expect CP-violating effects to be more important here. The H2 state is identified with
the discovered Higgs boson. The stop masses are again rather heavy with
OS : mt˜1 = 1145 GeV , mt˜2 = 1421 GeV ,
DR : mt˜1 = 1126 GeV , mt˜2 = 1387 GeV .
(3.46)
In Fig. 5 we show the dependence of the Higgs self-coupling of the hu state in the interaction
basis (left) and of the hu-like mass eigenstate h (right) at one- (dashed) and two-loop order
(full) for DR renormalization in the top/stop sector as a function of the phases ϕM3 , ϕAt and
ϕµ. For illustrative purposes we have varied the phases in rather large ranges although they
might already be excluded by experiment. We start from our original CP-conserving scenario
and turn on the phases one by one. Note, that ϕµ has been varied such that the CP-violating
phase ϕy = ϕκ − ϕλ + 2ϕs − ϕu, that appears already at tree level in the Higgs sector, remains
zero, i.e. ϕλ and ϕs were varied at the same time as ϕλ = 2ϕs = 2/3ϕµ, while ϕκ and ϕu are
kept zero. As expected, the loop-corrected couplings show a somewhat larger dependence on
ϕAt than in scenario 1, in particular in the mass eigenstate basis. Defining as
δλHHH =
λHHH(pi)− λHHH(0)
λHHH(0)
, (3.47)
we have in the mass eigenstate basis H ≡ h the variations
δλ
ϕµ
hhh = 2.2% , δλ
ϕAt
hhh = 1.6% and δλ
ϕM3
hhh = 2.7% (3.48)
for the two-loop corrected self-coupling. Note, that the one-loop corrected self-couplings show
a dependence on the phase of M3, although the genuine diagrammatic gluino corrections only
appear at two-loop level. This dependence enters through the conversion of the OS top quark
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Figure 5: Scenario 2: Upper panels: Trilinear self-coupling of the hu interaction state (left) and the mass eigenstate
h (right) at one-loop (dashed lines) and two-loop (solid lines) as a function of the phases ϕµ (green/grey), ϕAt
(red/black upper) and ϕM3 (blue/black lower). Lower Panels: Size of the relative correction of n
th order to the
Higgs self-coupling with respect to the (n−1)th order – i.e. ∆ = |λ(n)HHH −λ(n−1)HHH |/λ(n−1)HHH – in percent for H = hu
(left) and H = h (right) as a function of the phases ϕµ (green/grey), ϕAt (red/black) and ϕM3 (blue/black) for
n = 2 (solid line) and n = 1 (dashed line). The red and blue lines almost lie on top of each other. In the top/stop
sector we have applied DR renormalization.
mass to the DR mass. Overall, the dependence of the loop corrected self-couplings on the
CP-violating phases is smaller in the interaction states than in the mass eigenstates, which are
obtained by rotating the interaction states with the mixing elements obtained from the loop
corrected masses, that also depend on the CP-violating phases.
The lower panels show the relative corrections, defined at order n = 1, 2 as
∆ =
|λ(n)HHH − λ(n−1)HHH |
λ
(n−1)
HHH
. (3.49)
In the interaction basis they are of order ∼ 70− 80% for the one-loop corrections relative to the
tree-level coupling and are somewhat larger than the corresponding values in the mass eigenstate
basis, which are of order ∼ 50−60%. For the two-loop coupling relative to the one-loop coupling
the corrections are significantly reduced to about 5 − 8% in both the interaction and the mass
eigenstate basis. The two-loop corrections hence considerably reduce the theoretical uncertainty.
In order to further study the theoretical uncertainty, we show in Fig. 6 for scenario 1 (left)
and scenario 2 (right) the scale variation of the trilinear Higgs self-coupling in the mass eigenstate
h at one- and at two-loop order. We have varied the renormalization scale µR between 1/3 and
3 times the central scale µ0 = Ms. The scale variation affects the DR parameters entering the
calculation. In the absence of an implementation of the 2-loop renormalization group equations
(RGE) for the complex NMSSM, which is devoted to future work, we obtain the parameters at
the different scales by exploiting the relation between DR and OS parameters, as explained in
Appendix D. This should approximate the results obtained from the RGE running rather well,
in case the scale is not varied in a too large range. Since the scale variation provides only a rough
estimate of the error made by neglecting higher order corrections this approach is sufficient for
our purpose. As can be inferred from the figures, in scenario 1 the one-loop coupling is altered
by up to 7% compared to its value at the central scale in the investigated range. This reduces
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Figure 6: Scale dependence of the trilinear coupling λhhh at one- (blue/dashed) and two-loop order (red/full)
for scenario 1 (left) and scenario 2 (right). The scale µR = ξMs has been varied in an interval of ξ = 1/3...3
around the central scale µ0 = Ms. The lower plots show the variation in percent compared to the central scale,
i.e. ∆ = [λhhh(µR)− λhhh(µ0)]/λhhh(µ0).
to 2-5% at two-loop order. In scenario 2 the corresponding numbers at one-loop order are 3.5%
compared to up to 2.5% for the two-loop coupling. As expected, the scale dependence reduces
when going from one- to two-loop order. Note, however, that these numbers should not be taken
as estimate for the residual theoretical uncertainty.
3.3 Phenomenological implications
We now turn to the discussion of the phenomenological implications due to the loop-corrected
Higgs self-couplings. Higgs self-couplings are involved in Higgs-to-Higgs decays and in Higgs
pair production processes. At the LHC, pair production dominantly proceeds through gluon
fusion. This process, however, includes EW corrections beyond those approximated by the loop-
corrected effective trilinear couplings. As they are not available at present we will not discuss
Higgs pair production further and concentrate on Higgs-to-Higgs decays.
The decay width for the Higgs-to-Higgs decay Hi → HjHk including the two-loop corrections
to the Higgs self-coupling is obtained from
Γ(Hi → HjHk) =
λ1/2(M2Hi ,M
2
Hj
,M2Hk)
16pif M3Hi
|MHi→HjHk |2 , (3.50)
where f = 2 for identical final state particles and f = 1 otherwise. The decay amplitude is
denoted byMHi→HjHk and λ = (x−y−z)2−4yz is the two-body phase space function. In case
of CP-violation all Higgs-to-Higgs decays between the five neutral Higgs bosons are possible,
if kinematically allowed, so that i, j, k = 1, ..., 5. In the CP-conserving case, however, only the
trilinear Higgs couplings between three CP-even or one CP-even and two CP-odd Higgs bosons
are non-vanishing. The matrix element is given by
MHi→HjHk =
5∑
i′,j′,k′=1
Zii′Zjj′Zkk′Γhi′hj′hk′ + δM
mix
Hi→HjHk . (3.51)
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Here Γhi′hj′hk′ is the loop corrected trilinear Higgs self-coupling in the tree-level mass eigenstate
basis, where the Goldstone boson has been singled out. We here include at one-loop level the
full electroweak corrections [79] at p2 6= 0, where we set the 4-momenta of the external Higgs
particles equal to the respective loop-corrected Higgs mass values p2Hi,j,k = M
2
Hi,j,k
as obtained
with NMSSMCALC [51,58,59,75], and at two-loop the order O(αtαs) corrections at p2 = 0.10 The
proper on-shell conditions of the external Higgs bosons as required in the decay process are
ensured by rotating the tree-level mass eigenstates hi′,j′,k′ to the loop corrected mass eigenstates
Hi,j,k with the matrix Z, cf. [51, 79]. In this calculation we include at one-loop order the
full electroweak corrections at non-vanishing external momenta. At two-loop order as usual
the order O(αtαs) corrections which are available only at p2 = 0 are taken into account.11 The
δMmixHi→HjHk accounts for the contributions stemming from the mixing of the CP-odd components
of the external Higgs bosons with the Goldstone and with the Z boson, respectively. These
contributions, which are evaluated by setting the external momenta to the tree-level masses
in order to maintain gauge invariance, are small already at one-loop order compared to the
remaining contributions to the decay amplitude, as has been shown in [79]. We hence do not
include the two-loop contributions, that can safely be expected to be negligible.
In the plots below we show apart from the two-loop corrected decay widths also the ones at
one-loop order. The only change required to adapt formula (3.51) to this case is in Γhi′hj′hk′
where solely the one-loop corrections to the vertex functions together with the corresponding
counterterms are included. In particular we also use the two-loop corrected mass eigenstates
and mixing matrix elements for the external particles (apart from the mixing contribution with
the Goldstone and Z boson of course).
The scenario which the following discussion is based on and which has been checked to be
compatible with the constraints from the LHC Higgs data, is given by:
Scenario 3: The soft SUSY breaking masses and trilinear couplings are chosen as
mu˜R,c˜R = md˜R,s˜R = mQ˜1,2 = mL˜1,2 = me˜R,µ˜R = 3 TeV , mt˜R = 1940 GeV ,
mQ˜3 = 2480 GeV , mb˜R = 1979 GeV , mL˜3 = 2667 GeV , mτ˜R = 1689 GeV ,
|Au,c,t| = 1192 GeV , |Ad,s,b| = 685 GeV , |Ae,µ,τ | = 778 GeV , (3.52)
|M1| = 517 GeV, |M2| = 239 GeV , |M3| = 1544 GeV ,
ϕAd,s,b = ϕAe,µ,τ = 0 , ϕAu,c,t = pi , ϕM1 = ϕM2 = ϕM3 = 0 .
The remaining input parameters are given by
|λ| = 0.267 , |κ| = 0.539 , |Aκ| = 810 GeV , |µeff| = 104 GeV ,
ϕλ = ϕκ = ϕµeff = ϕu = 0 , ϕAκ = pi , tanβ = 8.97 , MH± = 613 GeV . (3.53)
This results in the Higgs mass spectrum given in Table 3 at tree, one- and two-loop level together
with the main singlet/doublet and scalar/pseudoscalar components at each loop level.
In Fig. 7 (left) we show the partial decay width for the decay of the heavy hd-like Higgs
boson H4 into a pair of SM-like Higgs bosons H2, including the higher order corrections to the
Higgs-self-couplings at one- and two-loop level as obtained from Eq. (3.50). We start from the
10In the loops the tree-level masses for the Higgs bosons are used to ensure the cancellation of the UV diver-
gences.
11As we investigate here the decay of heavy particles in the initial and final states, it makes sense not to work
in the zero momentum approximation if possible and include at one-loop level the full momentum dependence.
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OS H1 H2 H3 H4 H5
mass tree [GeV] 49.17 99.83 609.21 611.77 715.92
main component hs hu a hd as
mass one-loop [GeV] 87.36 139.10 608.71 611.37 694.73
main component hs hu a hd as
mass two-loop [GeV] 83.66 124.95 608.73 611.37 694.76
main component hs hu a hd as
DR H1 H2 H3 H4 H5
mass tree [GeV] 49.17 99.83 609.21 611.77 715.92
main component hs hu a hd as
mass one-loop [GeV] 80.66 119.68 608.72 611.37 694.79
main component hs hu a hd as
mass two-loop [GeV] 83.03 124.34 608.71 611.36 694.78
main component hs hu a hd as
Table 3: Scenario 3: Masses and main components of the neutral Higgs bosons at tree and one-loop level and at
order O(αtαs) as obtained by using OS (upper) and DR (lower) renormalization in the top/stop sector.
parameter point of scenario 3 with vanishing phase ϕµ = 0. The phase is then varied in the
range −pi...pi, such that at tree level the CP-violating phase ϕy in the Higgs sector vanishes. As
expected the dependence of the decay width on the CP-violating phase induced through the loop
corrections is small, remaining below the per-cent level. For ϕµ = 0 the tree-level decay width
in the OS scheme is 0.171 GeV and 0.186 GeV in the DR scheme.12 In the latter the one-loop
corrections increase the decay width by 6.5% and the two-loop corrections add another 2.0% on
12Note, that of course also in the tree-level decay width we use the H4 and H2 mass values including the
two-loop corrections and rotate to the mass eigenstates with the corresponding mixing matrix elements.
Figure 7: Scenario 3: Upper: Loop-corrected decay width (left) and branching ratio (right) of the Higgs-to-Higgs
decay H4 → H2H2 as a function of ϕµ with the top/stop sector renormalized in the OS (blue/two outer lines) and
in the DR scheme (red/two inner lines) at 1-loop (dashed) and at 2-loop (full) order. Lower: Relative deviation
between the two renormalization schemes ∆ = |O(DR)−O(OS)|/O(DR) for O = Γ (left) and O = BR (right) at
1-loop (dashed) and 2-loop (full).
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top of that. In the OS we find a 21% increase at one-loop and a 7% decrease at two-loop so that at
two-loop order the results in the two renormalization schemes approach each other, as can also be
inferred from the lower left plot, which shows that the dependence on the renormalization scheme
decreases from one- to two-loop level. Depending on the renormalization scheme different input
parameters of the top/stop sector have to be converted to match the required renormalization
scheme. The corresponding induced two-loop corrections into the one-loop corrections lead to
a different dependence on the CP-violating phase of the two schemes at one-loop level. At two-
loop level this difference in the phase dependence is then almost washed out and the scheme
dependence is about 4.58% independent of ϕµ. For the computation of the branching ratio of the
decay, shown in Fig. 7 (right), we replace in the program package NMSSMCALC the tree-level decay
widths Γ(Hi → HjHk) with our loop-corrected ones. The branching ratio, which with O(3%) is
very small shows the same trend as the decay width with respect to the loop corrections.
The non-vanishing CP-violating phase induces through the higher order corrections CP mix-
ing in the Higgs mass eigenstates, such that otherwise not allowed decays of e.g. the CP-odd
doublet-like H3 into a pair of SM-like H2 bosons are possible. The branching ratio remains,
however, tiny, reaching at most 0.58 per mille for |ϕµ| ≈ pi/2 in our scenario.
4 Conclusions
The search for New Physics and the proper interpretation of the experimental data requires from
the theoretical side precise predictions of parameters and observables. In this work we computed
the two-loop corrections to the trilinear Higgs self-couplings in the CP-violating NMSSM. Orig-
inating from the Higgs potential the Higgs boson masses and self-couplings are related to each
other. For a consistent interpretation therefore the level of accuracy of the self-couplings has to
match the one of the masses, that have been provided previously up to the two-loop level. Here,
the two-loop corrections to the self-couplings have been calculated at the same order O(αtαs) at
vanishing external momenta. We have allowed for two renormalization schemes in the top/stop
sector, namely OS and DR renormalization. Depending on the scenario and the renormalization
scheme, the two-loop corrections are of the order of 5-10% relative to the one-loop couplings,
compared to up to 80% for the one-loop corrections relative to the tree-level values. The investi-
gation of the remaining theoretical uncertainty performed by varying the renormalization scheme
of the top/stop sector or by changing the renormalization scale confirmed that the theoretical
error is reduced through the inclusion of the two-loop corrections. As expected the dependence
on the CP-violating phase due to radiatively induced CP-violation is small and of the order of
a few percent.
The trilinear self-couplings are relevant in Higgs pair production processes and Higgs-to-Higgs
decays, which now become accessible at run 2 of the LHC. While Higgs pair production requires
the inclusion of further higher order corrections beyond the loop-corrected Higgs self-couplings
provided in this work, the inclusion of the radiatively corrected trilinear Higgs self-coupling
improves the prediction for the Higgs-to-Higgs decay rates and related branching ratios. For the
investigated scenario and decay we find that the two-loop corrections alter the decay width by
2% (7%) in the DR (OS) scheme with respect to the one-loop level, which is to be compared to
about 7% (21%) when going from tree- to one-loop level. The dependence on the renormalization
scheme is reduced from ∼ 4.8− 5.4% in the investigated range of the phase ϕµ at one-loop level
to ∼ 4.5% at two-loop level. The behaviour in the branching ratio is similar to the one of the
decay width.
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In summary, the inclusion of the two-loop corrections at O(αtαs) in the approximation of
vanishing external momenta in the trilinear Higgs self-couplings of the CP-violating NMSSM
Higgs sector is necessary to match the available precision in the Higgs masses and to allow for
a consistent interpretation of the Higgs data. Being of the order of 10% they have been shown
to further reduce the theoretical error due to missing higher order corrections.
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Appendix
A Tree-level trilinear Higgs self-couplings
In this appendix we present the tree-level trilinear Higgs self-couplings in the interaction eigen-
states, λijk, i, j, k = 1, ..., 6 with the correspondences 1 =̂ hd, 2 =̂ hu, 3 =̂ hs, 4 =̂ ad, 5 =̂ au,
6 =̂ as. They are symmetric in the three indices. Using the short-hand notations cx ≡ cosx etc.
and
φx = ϕu + ϕs + ϕλ + ϕAλ ,
φy = ϕu − 2ϕs + ϕλ − ϕκ , (A.54)
φz = 3ϕs + ϕAκ + ϕκ ,
we have
λ111 =
3cβM
2
Z
v
, λ112 = −sβM
2
Z
v
+ |λ|2sβv , λ113 = |λ|2vs , λ114 = 0 , λ115 = 0 ,
λ116 = 0 , λ122 = −cβM
2
Z
v
+ |λ|2cβv , λ123 = −|Aλ||λ|cφx√
2
− |λ||κ|vscφy , λ124 = 0 ,
λ125 = 0 , λ126 = −3
2
|λ||κ|vssφy , λ133 = |λ|2vcβ − |κ||λ|vsβcφy , λ134 = 0 ,
λ135 =
1
2
|λ||κ|vssφy , λ136 = −|λ||κ|vsφysβ , λ144 =
cβM
2
Z
v
, λ145 = 0 ,
λ146 = 0 , λ155 = −cβM
2
Z
v
+ |λ|2cβv , λ156 = |Aλ||λ|cφx√
2
− |λ||κ|vscφy ,
λ166 = |λ|2cβv + |κ||λ|vsβcφy , λ222 =
3M2Zsβ
v
, λ223 = |λ|2vs , λ224 = 0 , λ225 = 0 ,
λ226 = 0 , λ233 = −|λ||κ|vcβcφy + |λ|2sβv , λ234 =
1
2
|κ||λ|vssφy , λ235 = 0 ,
λ236 = −|κ||λ|vcβsφy , λ244 = −
M2Zsβ
v
+ |λ|2vsβ , λ245 = 0 ,
λ246 =
|Aλ||λ|cφx√
2
− |λ||κ|vscφy , λ255 =
M2Zsβ
v
, λ256 = 0 ,
λ266 = |λ||κ|vcβcφy + |λ|2sβv , λ333 = 6|κ|2vs +
√
2|Aκ||κ|cφz , λ334 = |κ||λ|vsβsφy ,
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λ335 = |κ||λ|vcβsφy , λ336 =
3|λ||κ|sβcβsφyv2
vs
, λ344 = |λ|2vs ,
λ345 =
|Aλ||λ|cφx√
2
|κ||λ|vscφy , λ346 = −|κ||λ|vsβcφy , λ355 = |λ|2vs ,
λ356 = −|κ||λ|vcβcφy , λ366 = −
√
2|Aκ||κ|cφz + 2|κ|2vs , λ444 = 0 , λ445 = 0 ,
λ446 = 0 , λ455 = 0 , λ456 =
3
2
|κ||λ|vssφy , λ466 = −|κ||λ|vsβsφy ,
λ555 = 0 , λ556 = 0 , λ566 = −|κ||λ|vcβsφy , λ666 = −
3|κ||λ|cβsβsφyv2
vs
. (A.55)
B The order O(αt) corrections to the trilinear Higgs self-couplings
The order O(αt) one-loop corrections introduced in Eq. (2.13), ∆(1)λURφiφjφk ≡ ∆
(1)
ijk (i, j, k =
1, ..., 6), with the same correspondences as introduced in Appendix A, can be cast into the form
∆
(1)
ijk = −2CFmty3t
[
F1x
(
(hti)
∗htjh
t
k + h
t
i(h
t
j)
∗htk + h
t
ih
t
j(h
t
k)
∗)+ htihtjhtk + c.c.] (B.56)
− CF y3t
[(
−F3xyhi t˜2 t˜1yhj t˜1 t˜2yhk t˜1 t˜1 + F2xyhi t˜2 t˜2yhj t˜2 t˜1yhk t˜1 t˜2 + Permutation[i, j, k]
)
−
yhi t˜1 t˜1yhj t˜1 t˜1yhk t˜1 t˜1
m2
t˜1
−
yhi t˜2 t˜2yhj t˜2 t˜2yhk t˜2 t˜2
m2
t˜2
]
− CF y2t
[
F4x
(
yhk t˜2 t˜1yhihj t˜1 t˜2 + yhk t˜1 t˜2yhihj t˜2 t˜1
)
− log
m2
t˜1
Q2
yhk t˜1 t˜1yhihj t˜1 t˜1
− log
m2
t˜2
Q2
yhk t˜2 t˜2yhihj t˜2 t˜2 + (k ↔ i) + (k ↔ j)
]
where
CF =
3
16pi2
, yt =
√
2mt
vsβ
, F1x = 2 log
m2t
Q2
+ 1 , F2x =
m2
t˜1
−m2
t˜2
−m2
t˜1
log
m2
t˜1
m2
t˜2
(m2
t˜1
−m2
t˜2
)2
, (B.57)
F3x =
m2
t˜1
−m2
t˜2
−m2
t˜2
log
m2
t˜1
m2
t˜2
(m2
t˜1
−m2
t˜2
)2
, F4x =
m2
t˜1
−m2
t˜2
−m2
t˜1
log
m2
t˜1
Q2
+m2
t˜2
log
m2
t˜2
Q2
(m2
t˜1
−m2
t˜2
)
, (B.58)
and the non-vanishing couplings read
ht2 =
1√
2
, ht5 =
i√
2
, yh1 t˜n t˜m = −
1√
2
µ∗U∗
t˜n1
Ut˜m2 −
1√
2
µU∗
t˜n2
Ut˜m1 , (B.59)
yh2 t˜n t˜m =
Ate
iϕuUt˜m2U∗t˜n1√
2
+
A∗t e−iϕuUt˜m1U∗t˜n2√
2
+
√
2mtUt˜m1U∗t˜n1 +
√
2mtUt˜m2U∗t˜n2 ,
yh3 t˜n t˜m = −
λ∗cβve−iϕsUt˜m,2U∗t˜n,1
2
−
λcβve
iϕsUt˜m,1U∗t˜n,2
2
,
yh4 t˜n t˜m =
1√
2
iµ∗Ut˜m2U∗t˜n1 −
1√
2
iµUt˜m1U∗t˜n2 ,
22
yh5 t˜n t˜m =
iAte
iϕuUt˜m2U∗t˜n1√
2
−
iA∗t e−iϕuUt˜m1U∗t˜n2√
2
,
yh6 t˜n t˜m =
iλ∗cβve−iϕsUt˜m2U∗t˜n1
2
−
iλcβve
iϕsUt˜m1U∗t˜n2
2
,
yh1h3 t˜n t˜m = −
1
2
λ∗e−iϕsUt˜m2U∗t˜n1 −
1
2
λeiϕsUt˜m1U∗t˜n2 ,
yh1h6 t˜n t˜m =
1
2
iλ∗e−iϕsUt˜m2U∗t˜n1 −
1
2
iλeiϕsUt˜m1U∗t˜n2 ,
yh2h2 t˜n t˜m = ytUt˜m1U∗t˜n1 + ytUt˜m2U
∗
t˜n2
,
yh3h4 t˜n t˜m =
1
2
iλ∗e−iϕsUt˜m2U∗t˜n1 −
1
2
iλeiϕsUt˜m1U∗t˜n2 ,
yh4h6 t˜n t˜m =
1
2
λ∗e−iϕsUt˜m2U∗t˜n1 +
1
2
λeiϕsUt˜m1U∗t˜n2 ,
yh5h5 t˜n t˜m = ytUt˜m1U∗t˜n1 + ytUt˜m2U
∗
t˜n2
.
C The trilinear Higgs self-coupling counterterms
Here we summarize the one- and two-loop (l = 1, 2) non-vanishing counterterms ∆(l)λCTijk that
arise in the computation of the loop-corrected Higgs self-couplings λijk (i, j, k = 1, ..., 6). They
are given in the interaction basis, and read in terms of the various tadpole, mass, wave function
and parameter counterterms as
∆(l)λCT112 = 2vsβ|λ|δ(l)|λ|+ vc3β|λ|2δ(l)tanβ + sβ|λ|2δ(l)v +
1
2
vsβ|λ|2δ(l)Zhu , (C.60)
∆(l)λCT113 = 2vs|λ|δ(l)|λ| ,
∆(l)λCT122 = 2vcβ|λ|δ(l)|λ| − vc2βsβ|λ|2δ(l)tanβ + cβ|λ|2δ(l)v + vcβ|λ|2δ(l)Zhu ,
∆(l)λCT123 =
(
−1
2
vscφy |κ| −
v2cβsβ|λ|
vs
)
δ(l)|λ| − c2βc
2
β(2M
2
H± + v
2|λ|2)δ(l)tanβ
2vs
+
s3βδ
(l)thd + c
3
βδ
(l)thu
vvs
− cβsβδ
(l)M2H±
vs
− vcβsβ|λ|
2δ(l)v
vs
− (s2βM
2
H± + v
2
scφy |κ||λ|+ v2cβsβ|λ|2)δ(l)Zhu
4vs
,
∆(l)λCT126 = −
3
2
vssφy |κ|δ(l)|λ| −
3
4
vssφy |κ||λ|δ(l)Zhu +
δ(l)tad
vvssβ
,
∆(l)λCT133 = v(−cφysβ|κ|+ 2cβ|λ|)δ(l)|λ| − vc2β|λ|(cβcφy |κ|+ sβ|λ|)δ(l)tanβ
+ |λ|(−cφysβ|κ|+ cβ|λ|)δ(l)v,
∆(l)λCT135 =
1
2
vs|κ|sφyδ(l)|λ|+
1
4
vs|κ||λ|sφyδ(l)Zhu +
δ(l)tad
vvssβ
,
∆(l)λCT136 = −vsβsφy |κ|δ(l)|λ| − vc3βsφy |κ||λ|δ(l)tanβ − sβsφy |κ||λ|δ(l)v,
∆(l)λCT155 = ∆
(l)λCT122, ∆
(l)λCT156 = −∆(l)λCT123,
∆(l)λCT166 = v(cφysβ|κ|+ 2cβ|λ|)δ(l)|λ|+ vc2β|λ|(cβcφy |κ| − sβ|λ|)δ(l)tanβ
+ |λ|(cφysβ|κ|+ cβ|λ|)δ(l)v,
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∆(l)λCT223 = 2vs|λ|δ(l)|λ|+ vs|λ|2δ(l)Zhu ,
∆(l)λCT233 = (−vcβcφy |κ|+ 2vsβ|λ|)δ(l)|λ|+ vc2β|λ|(cφysβ|κ|+ cβ|λ|)δ(l)tanβ
+ |λ|(−cβcφy |κ|+ sβ|λ|)δ(l)v +
1
2
v|λ|(−cβcφy |κ|+ sβ|λ|)δ(l)Zhu ,
∆(l)λCT234 = ∆
(l)λCT135,
∆(l)λCT236 = −vcβ|κ|sφyδ(l)|λ|+ vc2βsβ|κ||λ|sφyδ(l)tanβ − cβ|κ||λ|sφyδ(l)v −
1
2
vcβ|κ||λ|sφyδ(l)Zhu ,
∆(l)λCT244 = ∆
(l)λCT112,
∆(l)λCT246 =
(
−3
2
vscφy |κ|+
v2cβsβ|λ|
vs
)
δ(l)|λ|+ c2βc
2
β(2M
2
H± + v
2|λ|2)δ(l)tanβ
2vs
− s
3
βδ
(l)thd + c
3
βδ
(l)thu
vvs
+
vcβsβ|λ|2δ(l)v
vs
+
cβsβδ
(l)M2H±
vs
+
(s2βM
2
H± − 3v2scφy |κ||λ|+ v2cβsβ|λ|2)δ(l)Zhu
4vs
,
∆(l)λCT266 = v(cβcφy |κ|+ 2sβ|λ|)δ(l)|λ|+ vc2β|λ|(−cφysβ|κ|+ cβ|λ|)δ(l)tanβ
+ |λ|(cβcφy |κ|+ sβ|λ|)δ(l)v +
1
2
v|λ|(cβcφy |κ|+ sβ|λ|)δ(l)Zhu ,
∆(l)λCT333 =
3v2cβsβsφy tφz |κ|δ(l)|λ|
vs
+
3v2c2βc2βsφy tφz |κ||λ|δ(l)tanβ
vs
+
6vcβsβsφy tφz |κ||λ|δ(l)v
vs
,
∆(l)λCT334 = vsβsφy |κ|δ(l)|λ|+ vc3βsφy |κ||λ|δ(l)tanβ + sβsφy |κ||λ|δ(l)v,
∆(l)λCT335 = vcβsφy |κ|δ(l)|λ| − vc2βsβsφy |κ||λ|δ(l)tanβ + cβsφy |κ||λ|δ(l)v +
1
2
vcβsφy |κ||λ|δ(l)Zhu ,
∆(l)λCT336 =
3v2cβsβsφy |κ|δ(l)|λ|
vs
+
3v2c2βc2βsφy |κ||λ|δ(l)tanβ
vs
+
6vcβsβsφy |κ||λ|δ(l)v
vs
,
∆(l)λCT344 = ∆
(l)λCT113, ∆
(l)λCT345 = −∆(l)λCT123, ∆(l)λCT346 =
cφy
sφy
∆(l)λCT136,
∆(l)λCT355 = ∆
(l)λCT223, ∆
(l)λCT356 =
cφy
sφy
∆(l)λCT335, ∆
(l)λCT366 = −∆(l)λCT333,
∆(l)λCT456 = −∆(l)λCT126, ∆(l)λCT466 = −∆(l)λCT334, ∆(l)λCT566 = −∆(l)λCT335, ∆(l)λCT666 = −∆(l)λCT336.
D Computation of DR parameters at different scales
The values of the DR parameters at the scale µ are obtained by renormalization group running
from the starting scale µ0 to the scale µ. If the scales are not too far apart an approximate
result can be obtained by exploiting the relation between OS and DR parameters p at the scale
µ,
pOS + δpOS(µ) = pDR(µ) + δpDR(µ) . (D.61)
Here δpOS and δpDR denote the OS and DR counterterm, respectively. The scale dependence
in the DR counterterm, which purely subtracts the UV divergences, enters through the scale
dependence of the parameters. As has been shown in [59] the only DR parameters that receive
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two-loop counterterms at order O(αtαs) are tanβ and λ, and this arises due to the non-vanishing
wave function renormalization counterterm for Hu. We exemplify for tanβ how to obtain the
relation between the DR renormalized tanβ’s at two different scales µ1 and µ2. We denote by
tanβpureDR the tanβ defined through the DR condition with the top/stop sector renormal-
ized DR. Analogously, tanβpureOS is understood to be the OS tanβ and the top/stop sector
renormalized in the OS scheme. The relation between these two definitions of tanβ is given by,
tanβpureOS + δ(1) tanβpureOS + δ(2) tanβpureOS = (D.62)
tanβpureDR + δ(1) tanβpureDR + δ(2) tanβpureDR ,
where again the superscripts (1) and (2) refer to the one- and two-loop counterterm, respectively.
The one- and two-loop counterterms in the pure OS scheme can be expanded in terms of  as
δ(1) tanβpureOS =µ2
(
a1(m
OS
t )

+ f1(m
OS
t )
)
(D.63)
δ(2) tanβpureOS =µ4
(
b2(m
OS
t , α
DR
s (µ))
2
+
a2(m
OS
t , α
DR
s (µ))

+ f2(m
OS
t , α
DR
s (µ))
)
(D.64)
where the functions a1 and f1 do not depend on the renormalization scale µ while a2, b2 and f2
implicitly depend on µ through their dependence on αDRs (µ). Note that these expansions can
only be applied in the OS scheme of the top/stop sector in the context of our calculation. In
the limit → 0 these equations read
δ(1) tanβpureOS =
a1(m
OS
t )

+ a1(m
OS
t ) lnµ
2 + f1(m
OS
t ) (D.65)
δ(2) tanβpureOS =
b2(m
OS
t , α
DR
s (µ))
2
+
a2(m
OS
t , α
DR
s (µ)) + 2 b2(m
OS
t , α
DR
s (µ)) lnµ
2

+2 a2(m
OS
t , α
DR
s (µ)) lnµ
2 + 2 b2(m
OS
t , α
DR
s (µ)) ln
2 µ2
+f2(m
OS
t , α
DR
s (µ)) . (D.66)
The one- and two-loop counterterms in the pure DR scheme are
δ(1)tanβpureDR =
a1(m
DR
t (µ))

, (D.67)
δ(2)tanβpureDR =
b2(m
DR
t (µ), α
DR
s (µ))
2
+
c2(m
DR
t (µ), α
DR
s (µ))

. (D.68)
Replacing Eqs. (D.65), (D.66), (D.67) and (D.68) into Eq. (D.62) one gets the relation of the
pure DR renormalized tanβ’s at the scales µ1 and µ2. Taking into account the relation
mDRt = m
OS
t + (δmt)fin , (D.69)
where (δmt)fin denotes the finite part of the OS counterterm, all terms proportional to the poles
in  cancel at the considered order, and we are left with
tanβpureDR(µ1) − tanβpureDR(µ2) = a1(mOSt ) ln
µ21
µ22
+2 a2(m
OS
t , α
DR
s (µ1)) lnµ
2
1 − 2 a2(mOSt , αDRs (µ2)) lnµ22
+2 b2(m
OS
t , α
DR
s (µ1)) ln
2 µ21 − 2 b2(mOSt , αDRs (µ2)) ln2 µ22 . (D.70)
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For the parameters p that are renormalized at one-loop order only, this relation simplifies to
ppureDR(µ1)− ppureDR(µ2) = a1 ln µ
2
1
µ22
. (D.71)
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